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APPROXIMATION OF PLURISUBHARMONIC FUNCTIONS
BY MULTIPOLE GREEN FUNCTIONS

EVGENY A. POLETSKY

ABSTRACT. For a strongly hyperconvex domain D C C" we prove that multi-
pole pluricomplex Green functions are dense in the cone in Ll(D) of negative
plurisubharmonic functions with zero boundary values.

1. INTRODUCTION

Pluripotential theory for studying plurisubharmonic functions is more important
for complex analysis in several variables than potential theory for complex anal-
ysis in one variable because the theory in several variables lacks the multitude of
methods that can be used in the classical case.

However, many beautiful results of potential theory are still either unproven or
wrong in pluripotential theory. For example, the Riesz Representation Theorem
states, firstly, that a subharmonic function on a nice domain D is a sum of a sub-
harmonic function with zero boundary values and a harmonic function. Secondly,
a subharmonic function v with zero boundary values is the limit of linear combi-
nations with positive coefficients of Green functions in L!(D). So this important
theorem gives a complete description of such functions.

The first statement does not hold for plurisubharmonic functions if harmonic
functions are replaced by pluriharmonic. The second one immediately meets sev-
eral obstacles. First of all, in potential theory a linear combination with positive
coefficients of Green functions is harmonic outside of its poles. In pluripotential
theory there is an analog of Green functions introduced by V. P. Zahariuta in [Z]
and M. Klimek in [K1] and called pluricomplez Green functions. They are maxi-
mal, i.e., (dd°g)™ = 0 outside of the poles, but for a sum u of pluricomplex Green
functions (dd®u)™, in general, is not zero outside the poles. (The operator (dd“u)”
is an analog of the Laplace operator for plurisubharmonic functions.)

Although the absence of linear functional analysis does not allow us to expand the
old methods to the new situation, in this paper we prove that multipole pluricom-
plex Green functions (see §2)) are dense in the cone in L!(D) of negative plurisub-
harmonic functions with zero boundary values. Doing this, we establish the second
part of the Riesz Representation Theorem.

A particular case of this problem is the approximation of the relative extremal
function w of a pluriregular compact set K (see §2)). It was shown by V. P. Zahariuta
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in [Z] that the existence of approximations with uniform convergence outside K
implies a Kolmogorov conjecture regarding entropies of compact sets in C™ (see
also [Z1]). In [ZS] V. P. Zahariuta and N. P. Skiba confirmed the existence of
approximations when n = 1. The existence of such approximations in several
variables was conjectured by Zahariuta (see [Z] and [Z1]) but stayed unproven for
many years. Recently A. Aytuna, A. Rashkovskii and V. P. Zahariuta proved it for
pairs of Reinhardt domains (see [ARZ]).

To achieve our goal we start in §3]with relative extremal functions w of multiple
condensers. It was known from the famous paper of E. Bishop [B] that it is possible
to approximate compact sets in C™ by analytic polyhedra defined by n holomorphic
functions fij,..., fn;. Since g; = logmax{|fi,|,...,|fn;|} has logarithmic poles
and is maximal outside of them, they are almost multipole Green functions, except
for having zero values at the boundary.

It was shown by S. Nivoche in [N] that in the case of a simple condenser Bishop’s
construction also approximates normal derivatives of w by normal derivatives of g;
near K. In §8l we do it for a multiple condenser.

In §4l we show that Stokes’ theorem in the form of the Comparison Principle im-
plies that the Monge—Ampeére masses are also approximated. For a simple condenser
this result was obtained in [N]. It was shown in [NP] that to prove Zahariuta’s con-
jecture it suffices to construct multipole Green functions g; with poles near K that
are greater than w near K but the total Monge-Ampere mass of g; converges to
the total Monge-Ampere mass of w. The usage of this method in [N] led to the
proof of Zahariuta’s and, consequently, Kolmogorov’s conjecture. We use a simi-
lar approach to prove the existence of an approximation of w by multipole Green
functions.

After that the proof of the main result in §5lfollows from the possibility of approx-
imating any continuous plurisubharmonic function uniformly by relative extremal
functions of condensers and a general plurisubharmonic function by continuous
plurisubharmonic functions.

2. PRELIMINARY RESULTS

An open set D C C" is strongly hyperconvezx if there is a continuous plurisub-
harmonic function ¢ on a neighborhood V of D and D = {¢ < 0}. The function ¢
is called an exhaustion function.

A negative function v on D has zero boundary values if

liminf u(z) = 0.
z—90D

Suppose that W = {w1, ..., w,} is a finite set in D. We say that a plurisubhar-
monic function v is maximal outside W and has logarithmic poles at points of W
if for every w; € W there are a number a; > 0, called the weight of u at w;, and a
number c¢ such that

a;log|z —wj| —c < wu(z) <ajlog|z —wj|+¢

near wj, u is locally bounded on D\ W and (dd°u)” =0 on D\ W.
For such functions the Monge—Ampere operator can still be reasonably defined.
For example, the Comparison Principle still holds (see [K2| Ch. 6]). Also (see [K2]
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or [D])
m
c, \n __ n n
(dd°u)™ = (2m) E aj Ouw,
J=1
and if boundary values of u are strictly greater than ¢, then

m
(2.1) /(ddc max{u,c})" = (2m)" Z ajy.
D J=1

As an example of such a function, one can take any holomorphic functions
fi,---, fn on D such that the system f; = --- = f, = 0 has simple zeros at
points of W. Then the function v = log max{|fi|,...,|fn|} is maximal outside W
and has logarithmic poles of weight 1 at every point of W.

If D is strongly hyperconvex, then for every choice of weights a; there is a
plurisubharmonic function gp(z, W) that is continuous and maximal outside W,
has logarithmic poles of weight a; at points of W and has zero boundary values.
This function is called a multipole pluricomplexr Green function. We will always call
it just the Green function.

A pluriregular condenser K = (Ky,...,Kmn,01,...,0,) is a system of plurireg-
ular compact sets

K,cK,,C --CKicDcD=K,

and numbers o, < opy_1 < --- < 01 < 0g = 0 such that there is a continuous
plurisubharmonic function w(z) = w(z, K, D) on D with zero boundary values,
K; = {w < 0;} and w is maximal on the complement of K; in the interior of K, 1
for all 1 < 4 < m. We will call this function the relative extremal function of the
condenser K in D. Of course, not every choice of sets K; and numbers ¢; can be
realized as a condenser. But if u is a continuous negative plurisubharmonic function
on D and the sets K; = {u < g;} are pluriregular, then K has a continuous relative
extremal function.

The ball of radius r centered at z will be denoted by B(z,r). Also, S(z,r) =
0B(z,r), and m(A) is the Lebesgue measure of A.

3. APPROXIMATION OF CONDENSERS BY HOLOMORPHIC FUNCTIONS

This section further develops the approach of [N].

Let K = (K1,...,Km,01,...,0m) be a pluriregular condenser in a strongly
hyperconvex open set D with an exhaustion function ¢ defined on a neighborhood
V of D. We assume that the sets DI = {¢ < 1/j} compactly belong to V for all
j=1,2,.... Let w(z) =w(z,K,D) and D, ={z € D: w(z) <r}.

Suppose that fi,..., fy are holomorphic functions on some D7, p is a positive
integer and
1
(3.1) v(x) = sup = log|fiu(2)].
1<k<N P

We say that the functions fi,..., fnv and the integer p approximate K for e > 0 if
for all 1 < i < m there are numbers ¢;, 0 < ¢; < ¢, such that:
(1) oi+te+e<oi1,1<i<my
(2) v(2) <w(z),1<k <N, z€D;and
(3) if F;, 1 < i < m, is the union of all connected components of the set
{v <0y + €} that intersect K, then F; C Dy 4 42
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Let G; be the interior of F;. Since v < w on D, K; C G;. Clearly, G; C F;.

The set {v < 0; + €;} is a semianalytic set and thus has a finite number of
connected components intersecting any compact set in D7, in particular, D. The
set F; C D, and therefore it has a neighborhood U where no other components of
{v < 0; + €;} are present. This means that G; is an analytic polyhedron.

Let us show that our notion of approximation is stable.

Lemma 3.1. Suppose that an integer p and holomorphic functions fi,...,fn on
D7 approzimate K for e > 0. Then there is a § > 0 such that for any holomorphic
functions hi, ..., hy on D7 with the uniform norm |hg|l5 < & the functions gy =
fu+he, 1 <k <N, approximate K for € with the same p.

Proof. First, |fx| < e? —a on D for some a > 0 and every 1 < k < N. If § < a,
then |gg| < eP¥.

We take § so small that 1 — e P(@ite) = ¢=biP where 0 < b; < ¢ for all
1 <i<m. If z € 0G;, then | fx(2)| = ePl@i+<) for some k. Now

g (2)| > erl@rte) (1 - 56_”("i+€i)> _ eploite))
where ¢ = ¢; = b; and 0 < ¢} < ¢; for 1 <i < m. Hence

v'(2) = sup l1og|gk(z)| > 0, + €.
1<k<N P

Let G} be the interior of the union F; of connected components of the set {z €
D7 : v'(2) < 0;+ €} that intersect K;. If F’ is one of the connected components of
the set F, then it contains a point of K; and, consequently, intersects a connected
component G of G;. Since v’ > o; + €, on dG;, the component G must contain F”.
Thus F] C G; C F;. Also, the same reasoning implies that G C Gj.

There is a positive €/ < ¢; such that F; C Dy, yergerz. Let us choose ¢ so
small that €/ < ¢ for all 1 <4 < m. Then Fj C D, |2, and the proof is
complete. (Il

The following lemma shows the existence of holomorphic approximations.

Lemma 3.2. For any sufficiently small ¢ > 0 and any integer j there exist a
positive integer p and holomorphic functions fi, ..., fnN on DJ that approzimate K
on D for e.

Proof. We assume that o; + € + € < e when 1 < i < m. Let us take 0 < § <
min{e?/2, —o1} and a > 0 so big that agp < w on D_s. Then the function w’ =
max{w,a¢} — & on D and a¢ — & on D’ \ D is plurisubharmonic on D’. By
Bremermann’s approximation theorem (see [J] for a proof) there exist a positive
integer p and holomorphic functions f, ..., fx on D7 such that

W'(z) <wv(z)= sup 1log Ifk(z)] <w'(z)+4
1<k<N P

on D%. But w’ =w—38 on D_;5. Hence w — 6§ < v < w on D_;. Since v < 0 on 8D
and v < — on dD_g, we see that v < w on D\ D_s. Since v > —§ on D\ D_s,
we see that w(z) — €2 < v(z) < w(2) on D.

By the latter inequality the set A = {v < 0; + ¢} belongs to D, ..2. Hence
for every 1 < ¢ < m the union F; of all connected components of A that intersect
K; also belongs to Dy, ctc2. So p and f1,..., fyv approximate K for e. O
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The following theorem approximates any condenser by n holomorphic functions.

Theorem 3.3. For any sufficiently small e > 0 and any sufficiently large integer j
there exist an integer p and n holomorphic functions fi,..., fn on DI that approzi-
mate a plurireqular condenser K for € and the system of equations fy =---= f, =0
has only simple roots in D.

Proof. Suppose that N > n is the minimal number of holomorphic functions
fi,...,fy on any D’ that approximate K for ¢ with some p. Take any such
approximation. By Lemma [BT]it is stable for some § > 0. Note that none of the
chosen functions is equal identically to zero. As in the proof of Lemma 4 in [B] (see
also Lemma 7B1 in [GR]), we can find holomorphic functions hs, ..., Ay on D71
such that [|hy|525 < 0 and the mapping (fof Tt 4 hay oo, IN T E 4 hi) is light, ie.,
it has zero-dimensional preimages of values of every point on D?/. Since |f1] < 1
on D, by Lemma B the functions gy = fi + hifi for k = 2,...,N and g1 = f1
approximate K for € with the same p.

Let us replace the functions f; by the functions g; preserving notation, i.e.,
fi == gi- In the terminology of [B] and [GR] the analytic polyhedra G; are now
prepared. We want to show that for a sufficiently large integer ¢ there is a number
p’ so that p’ and the functions f{ — f{, 2 < k < N approximate K for e. The proof
follows the steps of Theorem 2 in [B] or Lemma 7B2 in [GR].

There are a < 1 and j; > j such that |fx]| < a on D’ forall 1 < k < N. Hence
|f&— fi] <1 on D7 when q is greater then some go. Also on Kj,

|fg _ ff| < 2ePI7i < elpatin2/oi)oi ep’cn7

where p’ = pg— p and p is the least integer greater than —In2/0; for all 1 < i < m.
Note that g > 0. We assume that ¢ > ¢ > qo, so that p’ > 0 for all ¢. Thus
|f¢ = ¥ < e”’“ on D when ¢ > q.

Let us show that D,, ., C G;. Since o;+¢; < 0;_1, the set Dy, ., belongs to the
interior V;_; of K;_1. The set G; belongs to Dgﬁﬁﬁeg, which in its turn belongs to
Vi_1 because 0;+¢;+¢€7 < 0;_1. The set G; contains K; and, therefore, the function
w is maximal on V;_; \@i. The boundary of V;_; \Gi consists of the boundary
of V;_1, where w = 0;_1, and the boundary of G;, where w > v = 0; + ¢;. By the
maximality of w on V;_; \ G;, the function w > o; + ¢; there. Hence Dy, ., C G;.
But w > 0; + ¢; on OG; and, consequently, Dy, ., C G;.

Hence we can find positive €] < ¢; such that

Dag,-i—ei cG;,CG; CF;C Dai+e§+e;2
forall 1 <7 <m.

Let us take an open set U; CC D, 4/ o2 such that the domain G; is a prepared
analytic polyhedron with the frame (U;, g1s, - - - , gni ), where g = e POt fi e,
Gi={z€U: |gri(2)] < 1,1 <k < N} (see [B] or [GR] for the terminology).
We also take an open set U/ CC U; containing G;. Let V; = U/ \ Dy 4o be a
neighborhood of dG;. This neighborhood is relatively compact in U;. Since w =
oi+e€;on dViNG; = 0Dy, 4 and | fix| < eP, we see that |gx;| < rit =erleima) <1
on AV; NG, for all 1 < k < N. By Theorem 2 of [B] or Lemma 7B2 from [GRJ,
there is a sufficiently large g2 > ¢; such that for all ¢ > g2 and all 1 < i < m the
union Rfl of Emﬂ; and all connected components of the set

{zeVi:rllgl — g% <1,2<k <N}
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that intersect Ea,¢+e; is a polyhedron with the frame
(Uz‘l \30i+6§,arg(g(21i - ggi)a s ,T?(g?\” - ggi))'
Recall that p’ = pg — p, © > 0, and the function

1
v'= sup —log|ff — f{| <w
2<k<N P

on D. It is easy to verify that pg(o; + €;) > p/(0; + €/) when
el <+

p(o; :" 6;) < 6;.
p

We take g3 > ¢2 and € such that U; C D,y forall ¢ > g3 and all 7.

Let F” be a connected component of the set F} = {v/ < o; 4 ¢/} intersecting K;.
Let us show that F' C G;. If 25 € F' N K, then

193 (20) — 91(20)| = e~ Pa(oites)

Thus zp belongs to one of the components R of the set Rfl. If 21 € OR, then
l9t;(z1) — g{(21)] = 1 for some k. Hence

9(20) — f(z0)| < e Paloited)ep'oi < 1,
fi 1

|fl(z1) — fi(z1)| = ePaloites) - ep/(""*d/)’

or v'(z1) > 0y + €]/. Therefore F/ C R C R.,. Since R, C U] C D, ferqenz, We see
that the functions f! — f, 2 < k < N, approximate K for e.

So N = n. Let us show that the new functions can be corrected so that the
system f; = --- = f, = 0 has only simple zeros.

Suppose that the system f; = --- = f,, = 0 has non-simple zeros. The Jacobian
of the mapping f = (f1,..., fn) is not identically zero, because otherwise through
every point of D there would pass a complex curve where v is constant. But v < o3
on K; and v = 01 + €; on 0G;.

Our approximation is stable for some § > 0. By Sard’s theorem there exists a

point (c1,...,¢,) in C™ such that f is non-degenerate at all preimages of this point
and |cg| < § for all k. Let g; = fi — ¢;. The system ¢ = -+ = g, = 0 has only
simple zeros in D, and approximates K for e with the same p. [l

4. APPROXIMATION OF CONDENSERS BY GREEN FUNCTIONS

The following lemma uses the existence of holomorphic approximations of rel-
ative extremal functions of pluriregular condensers to obtain an approximation of
some sort of extremal functions by Green functions with the controlled behavior of
Monge—-Ampere masses.

Lemma 4.1. Let K = (K1,...,Km,01,...,0m) be a pluriregular condenser in a
strictly hyperconver domain D C C™. Then there are sequences of positive numbers
d; converging to zero, Green functions g; on D, and, for every 1 < i < m, numbers
Ugj < o; converging to o; and open sets Vij and Wi (Wy,; = 0) such that

Dy CC Wij CC Dy, CC V5 CC Dy,
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g; > oi on 9Vij, g;j > oj; on OW;;, the poles of g; lie in the union of the sets
Zij = V;‘j \Wij, 1 S ) § m, and

/(ddcw)n + 6j 2 /(ddcgj)n 2 /(ddcw)n — 5j.
Zij Zij Zij

Proof. For every 1 < i < m let us choose an increasing sequence of numbers agj

lying strictly between 0,41 and o; and converging to o;. We set Kg;_1,; = K; and
Ko = ﬁ"ﬁj' Let 09;-1,; = 0; and 02;; = 0;;. We introduce the pluriregular
condenser K7 formed by a system of compact sets K;; and numbers o;;. Note that
w(z,K,D) = w(z, K7, D) for all j.

For every j we choose a sequence of systems of holomorphic functions fi;,..., fn;
and integers p; that approximate K7 for ¢; < 1/j. We assume that the systems

fij =+ = fn; = 0 have only simple roots and the numbers ¢; are so small that

Oij = 0i-1,j + € 142

a; = 3
Oij — 0i-1j +€ + € i

for all 1 <17 <2m. Let
1
vj = sup —log|fy;l.
1<k<n Pj
We will add an index j to all parameters of these approximations so that o;; +
€5 + 67,2]- < 0i-1,5,
Kij CGij CGij CDoyjgeyte,

and v; = 045 + €5 on 8GU
Let w;; and v;; be the auxiliary functions (1 — €;)(w — 03j — €5 — e?j) and
v; — 0y — €;; respectively. On 0G;; the functions v;; = 0 and w;; < 0. Since

w < oy on Ky and v; < w on D, we see that
_ 2
Wij =W — 045 — €5 — eij(w — 0ij — eij) > Vi

there. Thus the set F;; = {v;; < w;j} NGy, contains K;; and compactly belongs to
G;j. By the Comparison Principle,

[aauy = [ = [

G,’,J‘ F‘i,j Fi,j

By the maximality of w;; on G;; \ K;; we get

(4.1) [aauy = [ao) =0 -q) [ @
Gij Gij Gi

Now we take the set P;; of those poles of v; that lie in Gj; and introduce the
Green function g;; on Dy, , ; with poles in P;; of weight 1/p;. The functions
gi; have poles of the same weight as v; in Pj;, and g;; = 0 on dD,,_, ;. Hence
Gij > Vj — 0;—1,5 On Dgiil’j.

Let w;; be the restriction of a;(w—0i-15) to Dy, , ;, and let v}; = max{gij, oi; —
oi-1,j + €ij}. Then wi; = vj; = 0 on D and w;; < vj; on Gjj, because
wi; < 0ij —0i-1,j+¢;; there. Since the function g;; > 0y — 01, +¢€;5 on G and

Ti-1,j
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Ti1,5°

/ (dd°v;)" < a; / (ddw)".

Tio1,j

[ @y

D"i—l,J

By 2.d),

Tio1,j

| g

D"i—l,J

By the Comparison

By the maximality of g;; and w on Do,_, ; \ Gi; we get

(42) [tarvy = [rgy <a; [@aor.
Gi; G G
e /(ddcw)”: / (dd°w)"™,
Gai j Gaiy1,j
by (&1)) and (H2)
(4.3) /(ddcvj)"— / (dd%)"g? / (ddw)"

Gai j Gaiy1,j

Now for 1 < i < m we let Vi; = Gai—1,; and W;; = Ga; ;. For each j let us
consider the Green function g; on D with poles of weight 1/p; at those poles of v;
that lie in the union of the sets Gom—1 and Ga;—1; \ G2, 1 <i < m — 1. By the
definition of g; and (E2),

/(ddcgj)" < /(ddcvj)" < (1 + %) /(ddcw)n.

ij ij ij

[y /

Vij G2k,j\62k+1d

By (@I) and (@3),
/(dngj)” > <1 - 27m> /(ddcw)".

Vij i

/(ddcw)”.
D
By the above inequalities,
[tawgy = [y~ [ @)
Zij Vi Vit

< (1435, / (ddw)" — (1 - 5,) / (dd°w)" < / (dd°w)™ + 5.

Vij Zij

Now
m—1

JEOEDS

Vi k=i

(ddcv;)™.

Let p; = 2m/j and
9

2pj

Viti,j
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In the same way,

[taagy = a3 [@awy -a+s) [ @ror

Zij Vij Vig1,j

> / (dd°w)" — 5.

Zij

Since g; > v; on D, we see that g; > 0; on dVi; and g; > o; on OW;;. The
lemma is proved. (I

The following lemma shows that a sequence of Green functions obtained in the
previous result approximates w in the more usual sense. For a simple pluriregular
condenser the lemma was proved in [NP].

Lemma 4.2. Suppose that a sequence of Green functions g; on D satisfies the
conditions of Lemma [{-1 Then this sequence converges to w(z) = w(z, K, D) uni-
formly on compacta in Dy, , \ K;, 1 < i < m. Moreover, if 1 is a continuous
function on R, then

lim [ ¥ (w(z))(ddg;)" /w )(ddw)™.

j—00
D
Proof. Let us denote by g;; the restriction of g; to the open set Z;;. Since g; >
o; > oj; on Vi and g; > of; on OW;;, the set {g;; < o; — 0;} compactly belongs
to Zij. Let gi; = max{gij,o}; — d;}. Then the function g} defined as g;; on Z;j,
1 <4< m, and g; otherwise is plurisubharmonic on D. Moreover, by (21]),

[Juawgy = [ g

Zij Zij

o
(j = min %: 1<i<myp.
O'ij—(sj‘

Clearly, o converges to 1.

Let v; = a;g}. Since vj > 0;; > w on every Z;;, by the maximality of v outside
of the union of the Z;; it is greater than w on D. Therefore, integrating by parts,
we get

Let

Jewraor = [oazor = [(-odd a @@

D D D
= /(—Uj)ddcvj A(ddw)" ™t = > /(—Uj)(ddcvj)"-
D D
Thus
0 S/( )(ddw)™ / (ddv;)" /w(ddcw)”
D D D

= f: / v (ddv;)" — / w(dd‘w)"

=1 Zis 7



1588 EVGENY A. POLETSKY

The support of (dd°w)™ lies in the boundaries of the K;, where w = ¢;. The support
of (dd°vj)" lies where g% = 0;; — d;. Thus, by the previous inequality,

0< /(vj —w)(dd°w)™ < Z oo /(ddcgé)" -0y /(ddcw)”
D =1 Zi; Zi;

By (1) and the integral inequality in Lemma [£.1]

Juaagy = [@wg)y = [@ror-s,

Zij Zij Zij
Hence
0< / (vj — w)(dd°w)" <Y | (afol; — ov) / (dd°w)™ — §;0al;
D i=1 Zi;
Therefore,

lim / (dd°w)™ =0
’ {vj—w>a}
for every a > 0.

We fix some § > 0 and choose ¢ > 0 such that €|z|> < §/2 on D, and we let
uj =vj + €lz|> = 4.

Note that

(dclc(~€|z|2 — 5))” =¢e"c, dV,

where the constant c,, depends only on n, and dV is the volume form. Let E; =
{z €D : w<u;}. Sinceu; <—§/2on 0D and v; —w > §/2 on E;, the set E;
compactly belongs to D and E; C {v; —w > §/2}. By the subadditivity of the
Monge—Ampere operator and the Comparison Principle we have

/ (dd°v;)" + / (dd°e|z|? — 6)" < / (dd°u;)" < / (ddw)"

E, E; E; E;
or
€"cp,m(E;) < / (dd°w)".
{v;—w>6/2}
Thus

Jj—o0
The set F; = {w < v; — 4§} C Ej;. Let us take r > 0 such that |w(z) — w(w)| <6
when |z — w| < 7, and take jo such that m(E;) < o0m(B(z,r)) for all j > jo. If
B = B(zp,7) € D, then

vj(zo)gmB/vj(z)dV:ﬁ /’UjdV+ / v; dV

B\F; BNF;
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Since v;(z) > w(z), we see that the functions v; converge to w uniformly on D.
Consequently, the functions g; converge to w uniformly on compacta in Dy, , \ K,
1<i<m.

The last statement of the lemma follows immediately from the integral inequality
in Lemma 1] O

5. APPROXIMATION OF PLURISUBHARMONIC FUNCTIONS

Theorem 5.1. If D is a strongly hyperconvex domain in C™ with an erhaustion
function ¢ and u is a negative plurisubharmonic function on D with zero bound-
ary values, then there is a sequence of pluricomplex multipole Green functions g;
converging to u in LY(D). Moreover, if u is continuous on D and a function

P € Cp((—00,0]), then
lim [ ¢(u(z))(ddg;)" /w )(ddu)™.

j—’OO
D
Proof. We start to prove this theorem for a continuous plurisubharmonic function
u on D with zero boundary values, for which there is an open set D’ CC D such
that D' is a smooth hypersurface, u is equal to o1 < 0 on D', maximal on D \5/
and is of class C? and strictly plurisubharmonic in D’. Then u has finitely many
local minima z1,...,2, in D’.

By Sard’s theorem, for every j > 1 we can find numbers 0y, < 0, —1,5 < -+ <
025 <015 =01 <09 = 0 such that:

(1) 045 — 0it1,; < 1/j and the function u is not degenerate on {u = oy;},

(2) if 24 is a local minimum of u and 0;; < u(z;) < 0;—1,5, then the connected
component of the set {u < ;1 ;} that contains z; belongs to a ball By;
and S0, m(Byy) < 1/J.

By the first condition the sets K;; = {u < 0;;} have smooth boundaries and,
therefore, are pluriregular. So the condenser K; formed by the K;; and o, 0 <
i < my, has the continuous relative extremal function wj.

For every w; we take a sequence of Green functions g;, provided by Lemma
F2 and select a subsequence gj,,, that converges in L}, (D) to a plurisubharmonic
function v; or —oo. But it cannot converge to —oo, and, because it converges to
w; uniformly on compacta in D \ ﬁ/, it converges to v; in L'(D). For every i the
function v; coincides with w; on the sets {w; < 0,1} \ K;; or everywhere except
the sets {w; = 04;}. A set {w; = o0y;} either is a smooth surface or contains a
local minimum zj. In the first case v; = w; on this set. In the second case the set
belongs to the ball By;.

Let A be the infimum of u on D. There is a point in a ball By; where v;(z) =
wj(z) > A. If By is a ball centered at that point and of radius twice the radius of

By, then
P

Z/vjdV>ZAm Bj;) > =

k=1 k=1
By,

24
/|UJ_wj|dV< 7

<

Thus
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Since the functions w; converge uniformly to u, the functions v; converge to u in
LY(D) and the functions (dd°w;)"™ weak-* converge to (ddu)™.

Let us take a countable dense set of functions {14} in Co((—00,0]). Since there
is a sequence of g;,. that converges to u in LY (D) and

Jj—oo
D

lim | g(u(2))(ddgsp,)" = / bgul2))(ddeu)”
D

for every ¢, our theorem is proved for the functions of the special type.

Suppose that ¢ is defined on a neighborhood V of D. Let u be a continu-
ous plurisubharmonic function on D with zero boundary values. The sequence of
plurisubharmonic functions uy equal to max{u, k¢} on D and k¢ on V' \ D is de-
creasing on D and converges to u uniformly on D. In particular, (dd®u;)"™ weak-*
converges to (dd“u)™. Hence to prove our theorem for continuous functions it suf-
fices to prove it for continuous functions that admit a continuous plurisubharmonic
extension to V.

If w is such a function, then there is a decreasing sequence of plurisubharmonic
functions uy on some D’ that belong to C*°(D7) (see [K2, Theorem 2.9.2]) and
converge to u uniformly on D. Adding €x|2|? — 8k to ux, where the numbers ey, 0y, >
0 converge to 0 and €x|z|> — 6 < 0 on D, we may assume that the functions uy, are
strictly plurisubharmonic, u, < 0 on D, and they still converge uniformly to « on
D.

Let us choose a sequence of numbers o1 < 0 converging to 0 such that for all &k
the set {ur = o1} is a smooth hypersurface compactly belonging to D. We define
uj, as a plurisubharmonic function that is equal to uy on the set Wy = {ur < o1},
to 0 on 9D, and is maximal on D \ Wj. These functions converge uniformly to
u. Since for functions like this our theorem is already proved, it is proved for
continuous plurisubharmonic functions.

Any plurisubharmonic function u on D belongs to L}, (D), and if u has zero
boundary values, then it belongs to L!'(D). The functions u; that are equal to
max{u,jé}, j=1,2,..., on D and to j¢ outside D form a decreasing sequence of
functions on D converging to u. Hence they converge to u in L'(D). Using [K2|
Theorem 2.9.2] again, we approximate each u; by a decreasing sequence {ug;} of
continuous plurisubharmonic functions. Since u; = 0 on 9D, it is easy to see that
the functions ux; can be modified to be equal to 0 on 0D and still converge to u;
in L'(D). The result above implies the existence of Green functions converging to
u; and, consequently, to u in L*(D). O
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